Introduction {#Sec1}
============

Multiple imputation (Rubin [@CR16]) is a widely recommended procedure to deal with missing data. The complete multiple-imputation procedure works as follows: First, for each missing value *M* values are filled in, based on a stochastic model that accurately describes the data. This results in *M* plausible complete versions of the incomplete dataset. Next, the statistical analysis of interest is applied to each of the *M* imputed datasets, resulting in *M* different outcomes of the same analysis. Finally, the *M* results are combined into one pooled statistical analysis, using specific formulas which take into account the variance of the specific parameter estimates as a result of the variance of the imputed values in the standard errors and *p*-values. These specific formulas are henceforth denoted *combination rules*.

In the specific context of regression analysis, several combination rules are available for pooling various important statistics. These combination rules involve formulas for pooling the regression coefficients (Rubin [@CR16]), their *t*-tests (Rubin [@CR16]), the degrees of freedom of these *t*-tests (Barnard and Rubin [@CR2]), the *F*-test for testing $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ for significance (Van Ginkel [@CR22]; Rubin [@CR16]), the *F*-test for testing $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$-change for significance (Van Ginkel [@CR22]; Rubin [@CR16]), and the degrees of freedom for these *F*-tests (Reiter [@CR14]).

Although combination rules for the above-mentioned statistics in regression have been well-established, little has been written on how to combine an important statistic in regression, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$. A few exceptions are Harel ([@CR4]) and Van Ginkel ([@CR22]). The small amount of literature on this topic is quite remarkable as $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ is reported in virtually any study that uses linear regression as an indication of how well the model fits the data.

Additionally, the literature that does exist on this topic does not generally agree on what is the best way to pool $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$. Harel ([@CR4]) proposed a pooled estimate for $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$, which uses a Fisher *z* transformation. Van Ginkel ([@CR22]) criticized this method, arguing that its theoretical justification is incorrect. Van Ginkel proposed two alternatives, namely averaging $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ across imputed datasets, and a transformation of the pooled *F*-value for testing $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ for significance into a pooled estimate of $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$. Van Ginkel showed that despite the incorrect theoretical justification, Harel's method still produced the best results in terms of bias, followed by averaging $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ which produced slightly larger bias. Regarding the results of $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$, this study is rather unsatisfactory as the theoretically least sound method (Harel's method) produced smallest bias, while the method with the best theoretical justification (transforming the *F*-value) produced the largest. Additionally, Van Ginkel pointed out a number of disadvantages of both Harel's method and averaging $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$, which could be potential sources of bias, additional to the bias that $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ already has in itself (e.g., Shieh [@CR18]). In short, to date no pooled measure for $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ in multiply imputed data seems to have been proposed that is without any theoretical objections.

Besides no general agreement on combination rules for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{2}$$\end{document}$ in regression, no combination rules for the pooling of standardized regression coefficients have, to the author's knowledge, been developed at all. However, standardized coefficients are reported in many studies that use linear regression. In fact, in many research articles standardized regression coefficients are reported instead of unstandardized regression coefficients, as standardized coefficients give an indication of the effect size of the specific predictor, independent of the scales of the variables. The fact that standardized regression coefficients are reported regularly and are occasionally even reported instead of unstandardized regression coefficients shows that there is clearly a need for combination rules for standardized regression coefficients in multiply imputed datasets.

Van Ginkel et al. ([@CR24]) stated that with a lack of a better alternative, an ad hoc method for combining standardized regression coefficients may be used, such as averaging the coefficients across the *M* imputed datasets. However, since standardized regression coefficients can be expressed as a function of the unstandardized regression coefficient, the standard deviation of the predictor, and the standard deviation of the outcome variable, there is another way to look at how the betas across multiply imputed datasets could be pooled: calculate the average of the regression coefficient across imputed datasets, calculate the average variance of the predictor and of the outcome variable across imputed datasets, and insert these quantities into the formula for the standardized regression coefficient.

Since the above-mentioned approaches are not equivalent, this firstly raises the question which approach (if any) is the correct one, and secondly, how to define "correct" in the context of multiple imputation. Normally, a convenient criterion for determining whether a parameter estimate is "correct," is whether it is unbiased when all the assumptions for the specific analysis have been met. However, since betas are biased even in complete data (Yuan and Chan [@CR26]), showing analytically or by means of simulations whether these approaches give unbiased estimates is not an option here. Instead, a number of other statistical properties of betas in complete data will have to be defined. Once defined, it must be verified which of these approaches (if any) has all of these statistical properties. If neither has all of the properties, the next question becomes which approach will give *the least bias* in results and bias closest to that of the same data without missing values.

In the current paper, four different conditions are defined that have to be met in complete data for a parameter estimate to be a standardized regression coefficient. It should be noted that these conditions are not based on statistical literature; they either follow from the properties of standardized coefficients directly, or have been found empirically in the author's search for combination rules for standardized coefficients, and the mathematical proof for them was derived afterwards. For both proposed sets of combination rules, it is discussed which of these conditions they satisfy. Additionally, combination rules are proposed for the confidence intervals for these standardized regression coefficients, based on the delta method (e.g., Jones and Waller [@CR5]).

Next, these two approaches are used for the calculation of two newly proposed pooled estimates of $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ in multiply imputed datasets. The two proposed pooled estimates of $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ are supposed to overcome the problems of the approaches proposed by Harel ([@CR4]) and Van Ginkel ([@CR22]). After discussing the proposed combination rules for standardized coefficient and $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$, a simulation study investigating the bias and coverage of the proposed combination rules will be discussed. Finally, a conclusion will be drawn about which combination rules for both $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{2}$$\end{document}$ and standardized coefficients are to be preferred.

Pooled Estimates for Standardized Regression Coefficients in Multiply Imputed Data {#Sec2}
----------------------------------------------------------------------------------
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                \begin{document}$$b_{j}$$\end{document}$ as the unstandardized population regression coefficient of predictor $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {x}}_{j} (j = 1,\ldots , k)$$\end{document}$. Furthermore, define $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{{\mathbf {y}}}$$\end{document}$ as the population standard deviations of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {x}}_{j}$$\end{document}$ and outcome variable $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {y}}$$\end{document}$, respectively. Lastly, define $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\upbeta }}$$\end{document}$ as a vector containing the standardized population regression coefficients of variables $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {x}}_{1}\ldots {\mathbf {x}}_{k}$$\end{document}$, which can be computed as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\varvec{\upbeta }}=\left[ {\begin{array}{lll} \frac{\sigma _{{\mathbf {x}}_{1}}}{\sigma _{{\mathbf {y}}}}b_{1}\\ \vdots \\ \frac{\sigma _{{\mathbf {x}}_{k}}}{\sigma _{{\mathbf {y}}}}b_{k}\\ \end{array} } \right] . \end{aligned}$$\end{document}$$In complete data, a sample estimate for $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\upbeta }}$$\end{document}$, denoted $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{{\varvec{\upbeta }}}}$$\end{document}$, can be computed as follows: Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{b}}_{j}$$\end{document}$ is a sample estimate of the unstandardized regression coefficient of predictor variable $\documentclass[12pt]{minimal}
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                \begin{document}$$s_{{\mathbf {y}}}$$\end{document}$ is the standard deviation of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {y}}$$\end{document}$. The set of standardized regression coefficients in the sample is:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{{\mathbf {x}}_{j}}^{{2}}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\sigma _{{\mathbf {y}}}^{{2}}$$\end{document}$ into Eq. [1](#Equ1){ref-type=""}. Because the standardization of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{{\mathbf {y}}}^{{2}}$$\end{document}$, the resulting pooled beta is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$, where the subscript PS stands for *Pooling before Standardization*. Define $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{{{\beta }}}}_{j,m}$$\end{document}$'s across *M* imputed datasets, and do this for all *j*. Here, the standardization takes place before the pooling, so the resulting coefficient is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$, where SP denotes *Standardization before Pooling*. $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{{\mathbf {y}}}^{{2}}$$\end{document}$, and by inserting these estimates into Eq. [1](#Equ1){ref-type=""}.Standardized regression coefficients can also be computed by performing a regression analysis to the standardized predictors and outcome variable. The resulting regression coefficients are standardized regression coefficients.A *t*-test calculated for an unstandardized regression coefficient should be insensitive to standardization of the variables. Hence, the same *t*-test calculated for the corresponding standardized regression coefficient will have the same value as of the unstandardized regression coefficient.When computed for simple regression, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1}$$\end{document}$ has the same value as the standardized regression coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1,{\mathbf {y}}}$$\end{document}$ that would be obtained if in the analysis the predictor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {x}}_{1}$$\end{document}$ and outcome variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {y}}$$\end{document}$ were switched. Both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1,{\mathbf {y}}}$$\end{document}$ are equal to the correlation between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {x}}_{1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {y}}$$\end{document}$.Regarding condition 3, it is important to note that the use of the standard *t*-test for regression coefficients would only be justified for standardized coefficients if the term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{s_{{\mathbf {x}}_{1}}^{2}}{s_{{\mathbf {y}}}^{2}}$$\end{document}$ were a fixed quantity (Jones and Waller [@CR5], p. 437). Since this is not the case, alternative combination rules for *t*-tests testing standardized coefficients are needed, based on the delta method (Jones and Waller [@CR5], pp. 439--440). Such combinations rules are proposed later on. The more general point of condition 3 is that a *t*-test should be insensitive to linear transformations, regardless of its usefulness for the transformed data.

Proof of the above four conditions in complete data is provided in Appendix I. In Appendix II, it is analytically derived which of the two sets of combination rules for the point estimates of standardized coefficients ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$) meet which of the four conditions. Table [1](#Tab1){ref-type="table"} gives a summary of the analytical results in Appendix II.Table 1Overview of which set of combination rules ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\beta }}}}}}_\mathrm{PS}\, $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\beta }}}}}}_\mathrm{SP}$$\end{document}$) satisfy which of the four conditions of standardized regression coefficientsConditionCombination rule$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$1. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{j}$$\end{document}$ can be computed using unbiased estimators of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{j}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{x_{j}}^{2}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{y}^{2}$$\end{document}$.YesNo2. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{j}$$\end{document}$ can be computed by performing regression to standardized $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {X}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {y}}$$\end{document}$YesYes3. *t*-test calculated for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{b}}_{j}$$\end{document}$ has same value as same *t*-test calculated for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{j}$$\end{document}$YesNo4. In simple regression, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{{{\beta }}}}_{1,y}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{x_{1}y}$$\end{document}$ are the same.NoYes

Statistical Tests for Standardized Regression Coefficients in Multiply Imputed Data {#Sec3}
-----------------------------------------------------------------------------------
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Van Ginkel ([@CR22]) criticized Harel's approach, arguing that the use of a Fisher z transformation is based on an incorrect justification. Instead, he proposed two alternative pooled estimates for $\documentclass[12pt]{minimal}
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Evaluating Advantages and Disadvantages of each Approach {#Sec5}
--------------------------------------------------------
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Next, the complete datasets were made incomplete with a specific percentage of missingness, and using a specific missingness mechanism. The resulting incomplete datasets were multiply imputed using fully conditional specification (FCS; Van Buuren [@CR19], p. 108--116; Van Buuren et al. [@CR21]) using the mice package (Van Buuren and Groothuis-Oudshoorn [@CR20]) in R (R Development Core Team [@CR13]). The number of imputations was fixed at $\documentclass[12pt]{minimal}
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Independent Variables {#Sec8}
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*Population distribution* To see how robust the proposed combination rules for standardized regression coefficients and $\documentclass[12pt]{minimal}
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Within the mice package, there are two different variants of FCS, namely the regression approach (e.g., Van Buuren [@CR19], p. 13; Little and Schenker [@CR10], p. 60) and predictive mean matching (Van Buuren [@CR19], p. 68--74; Van Buuren et al. [@CR21]; Rubin [@CR15]). The regression approach imputes each variable using a normal regression model with the other variables as predictors for the missing data. When the data are multivariate normally distributed, this is the preferred method for imputation. However, when the data are not normally distributed (such as in case of a multivariate lognormal distribution), the regression approach may not preserve the shapes of the distributions of the variables. Predictive mean matching is a method that has been shown to better preserve distributional shapes when data are not normally distributed than the regression approach (Marshall et al. [@CR11]; Marshall et al. [@CR12]). Thus, for the current simulation study it was decided to impute the data using the regression approach when the data were normally distributed, and to use predictive mean matching when the data were multivariate lognormally distributed.

*Percentage of missingness* In each simulated complete dataset, missingness was simulated with three different percentages of missing data: 12.5%, 25%, and 50%. These percentages were based on Van Ginkel ([@CR22]).
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*Set of combination rules* The influence of two different sets combination rules on the estimates of the standardized regression coefficients and their confidence intervals was studied, namely $\documentclass[12pt]{minimal}
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Dependent Variables {#Sec9}
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Because of the size of the simulation design, a selection of factors to be displayed in a results table was made, based on effect sizes of ANOVAs.[1](#Fn1){ref-type="fn"} These effect sizes revealed that in general, the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho ^{2}$$\end{document}$, sample size, missingness mechanism, and set of combination rules were the most influential factors. The results of the simulation study are given in Table [2](#Tab2){ref-type="table"} for all combinations of the different levels of these specific factors. Results for the estimated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{j}$$\end{document}$s are aggregated across predictors, because it was found that differences in bias and coverage between different predictors were not substantial. The complete results are provided in supplemental material.

The table shows that in general, the differences between the estimates of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$ are negligibly small and often not even visible in the third decimal. In general, the bias in the estimated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _{j}$$\end{document}$s is close to 0. Additionally, for both methods $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$, the coverage of the confidence intervals is close to the theoretical 95% in all situations.

Like the results for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$, the results for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{R}_{\mathrm {PS}}^{{2}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{R}_{\mathrm {SP}}^{{2}}$$\end{document}$ are similar across all situations displayed in the table. However, there are clear differences between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{R}_{\mathrm {PS}}^{{2}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{R}_{\mathrm {SP}}^{{2}}$$\end{document}$ on the one hand, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {R}}^{2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{R^{2}}$$\end{document}$ on the other hand. For the newly proposed estimates, the biases are substantially smaller than the biases of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {R}}^{2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{R^{2}}$$\end{document}$ are.

Discussion {#Sec11}
==========
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The different standardizations across imputed datasets may cause the pooled *t*-tests of the unstandardized regression coefficient to be different from the same pooled *t*-tests applied to the standardized variables. However, the fact that the specific standardization of variables is dependent on the sample, is a reason why a different *t*-test (Jones and Waller [@CR5]) is used for standardized regression coefficients in the first place. When standardized regression coefficients are calculated for each imputed datasets in the same way as one would normally do in complete data, and Rubin's rules are applied to the resulting coefficients and their correct standard errors next, this will automatically lead to the combination rules for point estimates and standard errors as defined by combination method $\documentclass[12pt]{minimal}
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Given that the theoretical objections to either method given so far are largely irrelevant when both methods perform equally well in terms of bias and coverage, the question is whether there is any reason left to prefer one method over the other. The answer to that question may lie in the only condition that the point estimates produced by $\documentclass[12pt]{minimal}
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To conclude, this paper has proposed two sets of combination rules for standardized regression coefficients and their confidence intervals, and $\documentclass[12pt]{minimal}
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Below proof will be given that in complete data the standardized coefficients meet the conditions stated in Table [1](#Tab1){ref-type="table"}.

*Condition 1* For complete data, there is not much to prove about standardized coefficients satisfying Condition 1 as that condition already follows from the formula for standardized regression coefficients itself (Eq. [2](#Equ2){ref-type=""}).

*Condition 2* Suppose that we have a complete dataset with *N* cases, which consists of predictor variable matrix:$$\documentclass[12pt]{minimal}
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*Condition 3* Before proving condition 3 for complete data, it is once again emphasized that the standard *t*-test for testing a regression coefficient is not suitable for standardized coefficients. Having said that, in complete data a linear transformation of the data does not affect the outcome of a *t*-test. Since standardizing the data is a linear transformation, the values of *t*-tests testing the resulting regression coefficients (which are now standardized coefficients) will not have been affected by this standardization. To show this, the formula for the *t*-test of a regression coefficient for unstandardized regression coefficients in complete data is given first. Suppose $\documentclass[12pt]{minimal}
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Appendix II {#Sec13}
===========

Below it will be mathematically derived for both $\documentclass[12pt]{minimal}
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*Condition 1* Assuming that the imputation model is Bayesianly proper (Schafer [@CR17], p. 105), it follows that $\documentclass[12pt]{minimal}
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The idea behind this standardization is that within each imputed dataset the variable means of the specific imputed dataset *m* are used for the centering to ensure that the pooled intercept will be 0. At the same time, the normalization is done by dividing the same estimates of the standard deviations across imputed datasets to ensure that the resulting standardized regression coefficients will be the same as in Eq. [3](#Equ3){ref-type=""}.

This type of standardizing data is similar to standardization that is used in three-way models (Kroonenberg [@CR8], p. 127), where centering takes place at the level of fibers within a slice (in multiple imputation this corresponds with the computation the mean of a variable $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ satisfies condition 2 as well.
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {PS}}$$\end{document}$ is that in the standardization both the centering and normalization take place at the level of imputed dataset *m*. The standardized regression coefficients in $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$ are the result of standardizing the predictors and outcome variable per imputed dataset *m*, applying a regression analysis to the standardized variables for each imputed dataset, and pooling the resulting regression coefficients using Rubin's rules for point estimates (i.e., averaging). In short, using the general combination rules, $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{\varvec{\upbeta }}}}}}_{\mathrm {SP}}$$\end{document}$ satisfies condition 2 as well.

*Condition 3* When *t*-tests are calculated for $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{\mathbf {b}}}}}$$\end{document}$ are tested for significance using the same rules. When applying Rubin's rules to an element $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \bar{Q}= & {} \frac{1}{M}\sum \limits _{m=1}^M {\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}{\hat{b}}_{j,m}} ={\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}{\bar{\hat{b}}}_{j}}\\ \bar{U}= & {} \frac{1}{M}\sum \limits _{m=1}^M \frac{\frac{s_{e,m}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}}{\frac{s_{{\mathbf {x}}_{j},m}^{2}}{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}(N-1)} =\frac{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}\frac{1}{M}\sum \limits _{m=1}^M \frac{s_{e,m}^{2}}{s_{{\mathbf {x}}_{j,m}}^{2}(N-1)}\\ B= & {} \frac{1}{M-1}\sum \limits _{m=1}^M \left( {\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}{\hat{b}}_{j,m}}-\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}{\bar{{\hat{b}}}}_{j} \right) ^{2} =\frac{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}Var\left( {\hat{b}}_{j} \right) ,\\ T= & {} \frac{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}\frac{1}{M}\sum \limits _{m=1}^M \frac{s_{e,m}^{2}}{s_{{\mathbf {x}}_{j,m}}^{2}(N-1)} +\left( 1+M^{-1} \right) \frac{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}Var\left( {\hat{b}}_{j} \right) ={\frac{\tilde{s}_{{\mathbf {x}}_{j}}^{2}}{\tilde{s}_{{\mathbf {y}}}^{2}}SE^{2}}\\ t= & {} \frac{{\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}{\bar{{\hat{b}}}}_{j}}}{\frac{\tilde{s}_{{\mathbf {x}}_{j}}}{\tilde{s}_{{\mathbf {y}}}}SE}=\frac{{\bar{{\hat{b}}}}_{j}}{SE}. \end{aligned}$$\end{document}$$In words, the term $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{{\hat{{{\beta }}}}}}_{j\mathrm {,PS}}$$\end{document}$ and its standard error. Since it does not depend on the imputation number *m*, it can be separated from the terms behind the summation sign, so that when $\documentclass[12pt]{minimal}
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*Condition 4* To see whether this condition holds for $\documentclass[12pt]{minimal}
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In contrast, if we write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\, {\bar{{\hat{{{\beta }}}}}}_{\mathrm {1,SP}}$$\end{document}$ as a function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{{\mathbf {x}}_{1}{\mathbf {y}},m}$$\end{document}$, we get:$$\documentclass[12pt]{minimal}
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